A subset of a group invariably generates the group if it generates even when we replace the elements by any of their conjugates. The probability that four randomly selected elements invariably generate S n is bounded below by an absolute constant for all n, but for three elements, the probability tends to zero as n → ∞ [4, 12]. We prove an analogous result for the finite classical groups using the fact that most elements of classical groups are separable and the correspondence between classes of maximal tori containing separable elements in classical groups and conjugacy classes in their Weyl groups.
Invariable generation
We say a group G is invariably generated by the elements g 1 , ..., g l if any conjugates of these elements generate the group, that is G = g x 1 1 , ..., g x l l for all x 1 , ..., x l ∈ G.
Let G be a finite classical group and let g 1 , ..., g l be elements of G selected uniformly at random. We are interested in the events I l G that the g i invariably generate G and J l G that the g i invariably generate an irreducible subgroup of G.
Let u 1 , ..., u l be elements of S n selected uniformly at random. We will use results about the events I l A that the u i invariably generate S n and J l A that the u i invariably generate a transitive subgroup of S n . Note that J l A is the event that there is no 0 < k < n such that all u i fix a k-set. We will omit the l superscript from the notation when we are working with a general l.
Pemantle, Peres and Rivin [12] and Eberhard, Ford and Green [4] showed that there are positive constants b 0 , b > 0 such that P(I 4 A ) ≥ b and P(J 4 A ) ≥ b 0 for all n, and lim n→∞ P(I 3 A ) = lim n→∞ P(J 3 A ) = 0. They first showed the results for the J events and then used a result of Luczak and Pyber [11] which says that the union of proper transitive subgroups of S n excluding the alternating group on n letters is small.
We wish to extend these results to the other Weyl groups and then to the finite classical groups. Theorem 1.1 (Main Theorem). Let G = SL n (q), Sp 2n (q), SU n (q) or Spin n (q).
(a) There exist constants c > 0 and K 4 G which depends only on the Lie type of G such that for all q > K 4 G and large enough n we have P(I 4 G ) > c.
(b) lim n,q→∞ P(I 3 G ) = 0.
We also conjecture that the result is true for all fixed q, and we use GAP [8] to make a conjecture about the values of K G . Conjecture 1.2. There exists a positive constant k > 0 such that P(I 4 G ) > k for all n and q. For all q, lim n→∞ P(I 3 G ) = 0.
for all n. This would imply that the following values work for K 4 G , but may not be optimal.
We will discuss this conjecture in the Appendix. In Section 2 we state a useful relationship between W and G which we do computations for in Section 3. In Sections 4 and 5, we show that the J G events are related to J A and state Fulman and Guralnick's [6] classical group analog of the Luczak and Pyber [11] result. In Section 6, we consider the sign of random elements necessary to address the spin groups. The main theorem is proved in Section 7.
General set up
Let X be a semisimple simply connected classical group over the algebraically closed field of positive characteristic p. Denote by W the Weyl group of X. Let σ : X → X be a Steinberg endomorphism with fixed points G = X σ , our finite classical group. The Steinberg endomorphism restricts to an automorphism on the Weyl group W . We say
For the untwisted groups, the σ-conjugacy classes are the same as the conjugacy classes.
An element s ∈ X is called separable if s has distinct eigenvalues in the natural representation. If s ∈ X is separable then C X (s) is the unique maximal torus containing s. If s is σ-fixed then C X (s) is σ-stable because for a ∈ C X (s) we have sσ(a)s −1 = σ(sas −1 ) = σ(a). As we discuss in Section 5, most elements are separable, so we will focus on these elements.
The following correspondence is our tool for transferring results about invariable generation for Weyl groups of finite classical groups to the finite classical groups: assume X has a σ-stable maximal torus T . Then there is a natural bijection
Specifically, if gT g −1 is σ-stable then it corresponds to w = g −1 σ(g)T ∈ N X (T )/T = W , and we define T w = gT g −1 .
We define T w := T σ w which is isomorphic to T wσ = {t ∈ T | t = wσ(t)w −1 }. Now every separable element s ∈ G gives us a unique maximal torus C X (s) conjugate to some T w which gives us the conjugacy class of w in W .
Fixed spaces of T w
Since elements of G fail to invariably generate an irreducible subgroup of G if and only if they have conjugates which fix a common proper subspace, we are interested in the fixed spaces of elements. The following proposition tells us it is enough to look at fixed spaces of tori. Proof. The fixed spaces of the element s are those spanned by eigenvectors.
Since tori are abelian, every element in T has the same set of eigenvectors, and the fixed spaces are those spanned by eigenvectors. So s and T fix the same spaces.
In a vector space with a symmetric or alternating bilinear form, define the radical of a space E to be rad(E) = E ∩ E ⊥ . A space E is called non-degenerate if rad(E) = 0 and totally singular if rad(E) = E.
SL n
Let X = SL n (F p ) with maximal torus T the group of diagonal matrices in X. Take the Steinberg endomorphism σ : (a ij ) → (a q ij ). Then G = SL n (q) and the Weyl group is W ∼ = S n the symmetric group whose σ-conjugacy classes correspond to partitions of n.
If w ∈ W is associated to the partition n = n 1 + · · · + n r then T w is made up of n i -dimensional blocks and the ith block fixes an irreducible n i -space.
Sp 2n
Let X = Sp 2n (F p ) with maximal torus T the group of diagonal matrices in X. Take the Steinberg endomorphism σ : (a ij ) → (a q ij ). Then G = Sp 2n (q) which is the isometry group of a non-degenerate alternating bilinear form. The Weyl group is W ∼ = C 2 ≀ S n , the Weyl group of type C.
From [10, Section 4.2], the σ-conjugacy classes of W correspond to signed cycle types, that is, (n ε 1 1 , . . . , n εr r ) where ε i = ±1 and n 1 , . . . , n r are positive integers which sum to n. The sign of the conjugacy class is ε i .
If w ∈ W is in the conjugacy class associated to (n ε 1 1 , . . . , n εr r ) then T w is made up of 2n i -dimensional blocks. For each i, if ε i = 1 then the corresponding block fixes two irreducible totally singular n i -spaces which sum to a non-degenerate 2n i -space and if ε i = −1 then the corresponding block fixes one irreducible non-degenerate 2n i -space.
SU n
Let X = SL n (F p ) with maximal torus T , the group of diagonal matrices in X. Take the Steinberg endomorphism σ : (a ij ) → (a q ij ) −tr . Then G = SU n (q) which is the isometry group of a non-degenerate conjugate-symmetric sesquilinear form.
Then the Weyl group is W = S n and since transpose inverse is the identity map on S n , we have that the σ-conjugacy classes of W are partitions.
If w is associated with the partition n = n 1 + · · · + n r then T w is made up of n i -dimensional blocks. If n i is odd then the block fixes an irreducible non-degenerate n i -space. If n i is even then it fixes two irreducible totally singular 1 2 n i -spaces which sum to a non-degenerate n i -space.
Spin n
Spin n (F p ) is the simply connected double cover of SO n (F p ). Since the group acts as SO n (F p ) on our n-dimensional vector space, and we are only interested in this action, we may work in X = SO n (F p ).
Spin 2n+1
Let X = SO 2n+1 (F p ) and use the maximal torus T , the group of diagonal matrices in X. Take the Steinberg endomorphism σ : (a ij ) → (a q ij ). Then G = SO 2n+1 (q) which is the isometry group of a non-degenerate symmetric bilinear form. The Weyl group is W = ∼ = C 2 ≀ S n , the Weyl group of type B, and the σ-conjugacy classes are the same as the conjugacy classes.
If w ∈ W is in the conjugacy class associated to (n ε 1 1 , . . . , n εr r ) then T w is made up of 2n i -dimensional fixed spaces and one 1-dimensional fixed space whose sign is different for positive and negative conjugacy classes. For each i, if ε i = 1 then the corresponding block fixes two irreducible totally singular n ispaces which sum to a non-degenerate 2n i -space of plus type, and if ε i = −1 then the corresponding block fixes one irreducible non-degenerate 2n i -space of minus type.
Spin 2n
Let X = SO 2n (F p ) and use the maximal torus T , the group of diagonal matrices in X. The Weyl group W is that of type D, the index 2 subgroup of positive elements in C 2 ≀ S n .
Spin + 2n : Take the Steinberg endomorphism σ : (a ij ) → (a q ij ). Then G acts as SO + 2n (q) which is the isometry group of a non-degenerate symmetric bilinear form of plus type. The σ-conjugacy classes are just the conjugacy classes of W . They correspond to the positive cycle types, that is, (n ε 1 1 , . . . , n εr r ) where ε i = ±1, ε i = 1 and n 1 , . . . , n r are positive integers which sum to n.
If w ∈ W is in the conjugacy class associated to (n ε 1 1 , . . . , n εr r ) then T w is made up of 2n i -dimensional blocks. For each i, if ε i = 1 then the corresponding block fixes two irreducible totally singular n i -spaces which sum to a non-degenerate 2n i -space of plus type. If ε i = −1 then the corresponding block fixes one irreducible non-degenerate 2n i -space of minus type.
Then G acts as SO − 2n (q) which is the isometry group of a non-degenerate symmetric bilinear form of minus type. The σ-conjugacy classes are in correspondence with the W -conjugacy classes of the coset gW of negative elements in C 2 ≀ S n . They may be written (n ε 1 1 , . . . , n εr r ) where ε i = ±1, ε(i) = −1 and n 1 , . . . , n r are positive integers which sum to n.
4 Relationship between fixed sets of W and fixed spaces of G Let G = SL n (q), Sp 2n (q), SU n (q) or Spin n (q) with Weyl group W . Pick separable elements a 1 , ..., a l ∈ G uniformly at random. Let w 1 , ..., w l ∈ W be such that a i is contained in some conjugate of T w i . In type A, consider W acting on {1, ..., n}, and in types B, C, D consider W acting on {±1, ..., ±n} (though we will show that in most cases we can forget the signs). Note that elements in W (respectively G) fail to invariably generate a transitive (respectively irreducible) subgroup if and only if there are conjugates of them which fix a proper common subset (respectively subspace). Since Sp 2n (q even) contains SO + 2n (q), SO + 2n (q) as subgroups, we In types B and D, the sign is important, so we define a notion of sign for fixed sets of elements of the Weyl groups of types B and D.
Definition 4.1. Let W be the Weyl group of type B or D. If w ∈ W fixes a set S then we may restrict w to S and define the sign of S under w to be the sign of w| S . If we have w 1 , ..., w l ∈ W all fixing S and they all have the same sign on S, then we say that S is a common fixed signed subset. We are not interested in the case when they do not all have the same sign.
Let π : W → S n be the canonical projection. Proof. Let U be a fixed common (up to conjugacy) proper subspace of minimal dimension. Now rad(U) is also common (up to conjugacy) fixed and so either rad(U) = 0 (U is non-degenerate) or rad(U) = U. In the latter case, since the a i are separable, they act completely reducibly so U ⊥ = U ⊕ U ′ where U ′ is a non-degenerate common (up to conjugacy) fixed subspace, unless we have U = U ⊥ (U is maximal totally singular). Let B be the event we have a maximal totally singular fixed common (up to conjugacy) proper subspace and no non-degenerate one. We will show that the probability that B happens tends to zero in the limit as n → ∞.
B only occurs when G = SU 2n (q), Sp 2n (q), SO + 2n (q). For G = SU 2n (q) or when q is odd and G = Sp 2n (q), B occurs when all cycles in all w i have even length, and the probability of this occurring vanishes in the limit by [5, Lemma 4.2] . For G = Sp 2n (q) and q is even, or when G = SO + 2n (q), B occurs when all cycles in all w i are positive, and the probability of this occurring vanishes in the limit by [5, Theorem 4.4] . Proof. References are given in the table:
G q
Limiting proportion of separable elements Reference SL n (q)
The result for SO 2n+1 (q) with q even follows from O 2n+1 (q) ∼ = Sp 2n (q). The result for SO ± 2n (q) for even q comes from the facts that the proportion of separable elements in O ± 2n (q) is half that in Sp 2n (q) [7] , and that all separable elements in O ± 2n (q) are in SO ± 2n (q). Proof. By Theorem 5.1, in the limit as q → ∞ the proportion of separable elements is 1. Since each separable element is in exactly one maximal torus, we get N G ≤ 1 |G| [G : N G (T w )]|T w | with equality in the limit as q → ∞.
Let Φ ∈ {A, B, C, D} be the type of G. Define J l Φ as follows: recall that J A is the event that the w i ∈ S n do not fix a proper common (up to conjugacy) subset. For type C, we do not need to consider signed subsets, and so we define J C to be the event that the π(w i ) do not fix a proper common (up to conjugacy) subset. In types B and D we must consider instead the events J B , J D that the w i do not fix a proper common (up to conjugacy) signed subset. Let S be the event that a 1 , ..., a l are all separable. The following result describes the relationship between the invariable generation properties of a finite classical group and its Weyl group when we restrict to separable elements.
Theorem 5.3. For large enough n, and with equality as q → ∞, (a) If G = SL n (q), SU n (q) or SO 2n (q), or if q is odd and G = Sp 2n (q) then
We will only use the following special cases of this result here. except when G = Sp 2n (q) and q is even, when we must worry about the event N that all elements have the same sign. In this case, we get
Fulman and Guralnick [6] proved a classical group analog to the result of Luczak and Pyber [11] which was used in the symmetric group case. In the Sp 2n (q), even q case, we get that separable elements corresponding to positive elements of W are contained in some conjugate of O + 2n (q) and separable elements corresponding to negative elements of W are contained in some conjugate of O − 2n (q). Therefore, if N is the event that all elements have the same sign,
Proof of Theorem 5.3. Proposition 5.2 tells us that the probability of picking an element from any given conjugacy class of W is at least the same as the probability of picking a corresponding separable element in G, with equality in the limit as q → ∞. 6 Invariably generating the Weyl groups Lemma 6.1. For all types Φ we have lim n→∞ P(J 3 Φ ) = 0 and there exists b > 0 such that P(J 4 Φ ) ≥ b for all n.
Thanks to Sean Eberhard for suggesting the following proof.
Proof. For type A, this was proved by Eberhard, Ford and Green [4] . For type C, note that lim n→∞ P(J C ) − P(J A ) = 0 so reduces to type A. For Φ = B, D, we must consider signed sets. Note that if we ignore signs we see that lim n→∞ P(J l Φ ) − P(J l A ) ≥ 0 for all l, and so for l = 4, our result holds. For l = 3, one must modify only slightly the proof of Eberhard, Ford and Green [4] .
They use disjoint intervals {I i } i and show that for each i, restricting only to cycles whose length is in I i , three random elements of S n fix a common (up to conjugacy) subset with probability bounded away from zero by some constant, say d > 0. They then sum over the intervals to show this happens almost surely, using the fact the events are independent. Note that we may pick elements in W by picking elements in S n and then assigning signs to each cycle. For each i, the probability that all three elements fix a common (up to conjugacy) set of the same sign is bounded away from zero by d 4 . As in [4] , we can then sum over the independent events to see that with probability tending to 1, three random elements of W fix a common (up to conjugacy) proper signed set. G In Conjecture 1.3 we make a guess at the value of K 4 G based on some computational experiments. Here, we describe those experiments.
Proof of Main Theorem
By the proof of Theorem 1.1 we have P(I 4 G ) ≥ 7 8 P(J 4 Φ ) − P(S ∁ ), and since we have bounds for P(S ∁ ) in Theorem 5.1, we just need to know P(J 4 Φ ) to give the values of K 4 G . We do not have an explicit bound for P(J 4 Φ ), but we can guess it using GAP [8] . The function InvGenTest(n, l, t) picks l elements of S n uniformly at random and tests if there is a common fixed set size. It performs t such tests and outputs the proportion of random tuples which invariably generate a transitive subgroup of S n . In order to make a guess at P(J 4 Φ ) we test with l = 4, t = 100 and vary n. This result seems to suggest that P(J 4 Φ ) > 1/3. If we use this guess for a bound, then look at the table of bounds for P(S ∁ ) in Theorem 5.1, we get the conjectured values for K 4 G .
